We showed before that self-dual electromagnetism in noncommutative (NC) spacetime is equivalent to self-dual Einstein gravity. This result implies a striking picture about gravity: Gravity can emerge from electromagnetism in NC spacetime. Gravity is then a collective phenomenon emerging from photons living in fuzzy spacetime. We elucidate in some detail why electromagnetism in NC spacetime should be a theory of gravity. In particular, we show that NC electromagnetism is realized through the Darboux theorem as diffeomorphism symmetry G which is spontaneously broken to symplectomorphism H due to a background symplectic two-form B µν = (1/θ) µν , giving rise to NC spacetime. This leads to a natural speculation that the emergent gravity from NC electromagnetism corresponds to a nonlinear realization G/H of the diffeomorphism group, more generally its quantum deformation. As a corollary, we find evidences that the emergent gravity contains the structure of generalized complex geometry and NC gravity. To illuminate the emergent gravity from NC spacetime, we illustrate how self-dual NC electromagnetism nicely fits with the twistor space describing curved self-dual spacetime. We also discuss derivative corrections of Seiberg-Witten map which give rise to higher order gravity.
Introduction and Symplectic Geometry
Recently we showed in [1] that self-dual electromagnetism in noncommutative (NC) spacetime is equivalent to self-dual Einstein gravity. For example, U(1) instantons in NC spacetime are actually gravitational instantons [2, 3] . This result implies a striking picture about gravity: Gravity can emerge from electromagnetism if the spacetime, at microscopic level, is noncommutative like the quantum mechanical world. Gravity is then a collective phenomenon emerging from gauge fields living in fuzzy spacetime. Similar ideas have been described in [4] and in a recent review [5] that NC gauge theory can naturally induce a gauge theory of gravitation.
In this paper we will show that the "emergent gravity" from NC spacetime is very generic in NC field theories, not only restricted to the self-dual sectors. Since this picture about gravity is rather radical and unfamiliar, though marked evidences from recent developments in string and M theories are ubiquitous, it would be desirable to have an intuitive picture for the emergent gravity. This remarkable physics turns out to be deeply related to symplectic geometry in sharp contrast to Riemannian geometry. Thus we first provide conceptual insights, based on intrinsic properties of the symplectic geometry, on why a field theory formulated on NC spacetime could be a theory of gravity. We will discuss more concrete realizations in the coming sections. We refer [6] for rigorous details about the symplectic geometry.
Symplectic manifold: A symplectic structure on a smooth manifold M is a non-degenerate, closed 2-form ω ∈ Λ 2 (M). The pair (M, ω) is called a symplectic manifold. In classical mechanics, the basic symplectic manifold is the phase space of N-particle system with ω = dq i ∧ dp i .
A NC spacetime is obtained by introducing a symplectic structure B = where is a formal parameter and we sometimes set = 1 by absorbing it in θ. According to the Weyl-Moyal map [7] , the NC algebra of operators is equivalent to the deformed algebra of functions defined by the Moyal ⋆-product, i.e., Symplectomorphism: Let (M, ω) be a symplectic manifold. Then a diffeomorphism φ : M → M satisfying ω = φ * (ω) is a symplectomorphism. In classical mechanics, symplectomorphisms are called canonical transformations.
Symplectic and Hamiltonian vector fields:
A vector field X on M is said to be symplectic if L X ω = 0. The Lie derivative along a vector field X satisfies the Cartan's homotopy formula L X = ι X d + dι X , where ι X is the inner product with X, e.g., ι X ω(Y ) = ω(X, Y ). Since dω = 0, X is a symplectic vector field if and only if ι X ω is closed. If ι X ω is exact, i.e., ι X ω = dH for any H ∈ C ∞ (M), X is called the Hamiltonian vector field. So the first cohomology group H 1 (M)
measures the obstruction for symplectic vector fields to be Hamiltonian. Since we are interested in simply connected manifolds, e.g., M = IR 4 , every symplectic vector field would be Hamiltonian.
Through the quantization rule (1.1) and (1.2), one can define NC IR 4 by the following commutation
An important point is that the set of diffeomorphisms generated by Hamiltonian vector fields, denoted as Ham(M), preserves the NC algebra (1.3) [8, 9] and in fact corresponds to NC U(1) gauge group [8] . The symmetry Ham(M) is infinite-dimensional as well as non-Abelian. Upon quantization in the sense of Eq.(1.1), Ham(M) then acts as unitary transformations on an infinite-dimensional, separable Hilbert space H which is the representation space of the Heisenberg algebra (1.3) . This NC gauge symmetry U cpt (H) is so large that U cpt (H) ⊃ U(N) (N → ∞) [11] . In this sense the NC gauge theory is essentially a large N gauge theory. It becomes more explicit on a NC torus through the Morita equivalence where NC U(1) gauge theory with rational θ = M/N is equivalent to an ordinary U(N) gauge theory [10] . Therefore it is not so surprising that NC electromagnetism shares essential properties appearing in a large N gauge theory such as SU(N → ∞) Yang-Mills theory or matrix models. The symplectic manifolds are classified by the symplectomorphism. We then come to a surprising theorem, the so-called Darboux theorem, stating that every symplectic manifold is locally symplectomorphic.
Darboux theorem: Locally, (M, ω) ∼ = ( I C n , dp i ∧ dq i ). That is, every 2n-dimensional symplectic manifold can always be made to look locally like the linear symplectic space I C n with its canonical symplectic form -a Darboux basis. This implies that in symplectic geometry there are no local invariants. So the classification of symplectic manifolds goes to the global structure of them, which should be contrasted with Riemannian geometry where the curvature provides such local invariants which give rise to an infinite dimensional variety of nonequivalent Riemannian metrics. This property is more enhanced by the Moser stability theorem for symplectic structures showing that one cannot vary a symplectic manifold by perturbing a symplectic structure within its cohomology class.
Moser stability theorem [12] : Let M be a symplectic manifold of compact support. Given twoforms ω and ω ′ such that [ω] = [ω ′ ] ∈ H 2 (M) and ω t = ω + t(ω ′ − ω) is symplectic ∀t ∈ [0, 1], then there exists a diffeomorphism φ : M → M such that φ * (ω ′ ) = ω. This implies that all ω t are related by coordinate transformations generated by a vector field X satisfying ι X ω t + A = 0 where ω ′ − ω = dA. In particular we have φ * (ω ′ ) = ω where φ is the flow of X. In local coordinates, it is possible to find a coordinate transformation φ whose pullback maps ω ′ = ω + dA to ω, i.e., The above properties lead to an important consequence on the low energy effective dynamics of D-branes in the presence of a background B-field. The dynamics of D-branes is described by open string field theory whose low energy effective action is obtained by integrating out all the massive modes, keeping only massless fields which are slowly varying at the string scale. The resulting low energy dynamics is described by the Dirac-Born-Infeld (DBI) action. For a Dp-brane in arbitrary background fields, for example, the DBI action is given by S = 2π 5) where κ ≡ 2πα ′ , the size of a string, is a unique expansion parameter to control derivative corrections.
The DBI action (1.5) respects several symmetries. 1 The most important symmetry for us is the so-called Λ-symmetry given by
for any one-form Λ. Thus the DBI action depends on B and F only in the gauge invariant combination F ≡ B + F as shown in (1.5) . Note that ordinary U(1) gauge symmetry is a special case where the gauge parameters Λ are exact, namely, Λ = dλ, so that B → B, A → A + dλ.
Suppose that the two-form B is closed, i.e. dB = 0, and non-degenerate on the D-brane worldvolume M. The pair (M, B) then defines a symplectic manifold. 2 But the Λ-transformation (1.6) changes (locally) the symplectic structure from ω = B to ω ′ = B − dΛ. According to the Darboux theorem and the Moser stability theorem stated above, there must be a coordinate transformation such as Eq.(1.4). Thus the local change of symplectic structure due to the Λ-symmetry can always be translated into worldvolume diffeomorphisms as in Eq.(1.4). For some reason to be clarified later, we prefer to interpret the symmetry (1.6) as a worldvolume diffeomorphism, denoted as G ≡ Dif f (M), in the sense of Eq. (1.4) . Note that the number of gauge parameters in the Λ-symmetry is exactly the same as Dif f (M). We will see that the Darboux theorem in symplectic geometry plays the same role as the equivalence principle in general relativity. The coordinate transformation in Eq.(1.4) is not unique since the symplectic structure remains intact if it is generated by a vector field X satisfying L X B = 0. Since we are interested in a simply connected manifold M, i.e. π 1 (M) = 0, the condition is equivalent to ι X B + dλ = 0, in other words, X ∈ Ham(M). 3 Thus the symplectomorphism H ≡ Ham(M) corresponds to the Λ-symmetry where Λ = dλ and so Ham(M) can be identified with the ordinary U(1) gauge symmetry [8, 15] . As is well-known, if a vector field X λ is Hamiltonian satisfying ι X λ B + dλ = 0, the action of X λ on a smooth function f is given by X λ (f ) = {λ, f }, which is infinite dimensional as well as non-Abelian and, after quantization (1.1), gives rise to NC gauge symmetry. Using the Λ-symmetry, gauge fields can always be shifted to B by choosing the parameters as Λ µ = −A µ , and the dynamics of gauge fields in a new symplectic form B+dA is interpreted as a local fluctuation of symplectic structures. This fluctuating symplectic structure can then be translated into a fluctuating geometry through the coordinate transformation in G = Dif f (M), the worldvolume diffeomorphism, modulo H = Ham(M), the U(1) gauge transformation. We thus see that the 'physical' change of symplectic structures at a point in M takes values in Dif f
We need an explanation about the meaning of the 'physical'. The Λ-symmetry (1.6) is spontaneously broken to the symplectomorphism H = Ham(M) since the vacuum manifold defined by the NC spacetime (1.3) picks up a particular symplectic structure, i.e.,
This should be the case since we expect only the ordinary U(1) gauge symmetry in large distance (commutative) regimes, corresponding to |κBg −1 | ≪ 1 in the footnote 2 where
with the open string metric G µν defined by Eq.(3.21) in [13] . The fluctuation of gauge fields around the background (1.7) induces a deformation of the vacuum manifold, e.g. IR 4 in the case of constant θ's. According to the Goldstone's theorem [16] , massless particles, the so-called Goldstone bosons, should appear which can be regarded as dynamical variables taking values in the quotient space
is generated by the set of Λ µ = −A µ , so the space of gauge field configurations on NC IR 4 and H = Ham(M) by the set of gauge transformations, G/H can be identified with the gauge orbit space of NC gauge fields, in other words, the 'physical' configuration space of NC gauge theory. Thus the moduli space of all possible symplectic structures is equivalent to the 'physical' configuration space of NC electromagnetism. The Goldstone bosons for the spontaneous symmetry breaking G → H turn out to be spin-2 gravitons [17] , which might be elaborated by the following argument. Using the coordinate transformation (1.4) where ω ′ = B + F (x) and ω = B, one can get the following identity [8] for the DBI action (1.5)
3 If we consider NC gauge theories on M = T 4 in which π 1 (M ) = 0, a symplectic vector field X, i.e. L X B = 0, is not necessarily Hamiltonian but takes the form X µ = −θ µν ∂ ν λ + ξ µ where ξ µ is a harmonic one-form, i.e., it cannot be written as a derivative of a scalar globally. This harmonic one-form introduces a twisting of vector bundle or projective module on M = T 4 such that the gauge bundle is periodic only up to gauge transformations [14] .
where fluctuations of gauge fields now appear as an induced metric on the brane given by
The dynamics of gauge fields is then encoded into the fluctuations of geometry through the embedding functions x µ (y). The fluctuation of gauge fields around the background (1.7) can be manifest by representing the embedding function as follows
Given a gauge transformation A → A + dλ, the corresponding coordinate transformation generated by a vector field X λ ∈ Ham(M) is given by
As we discussed already, this coordinate change could be identified with a NC gauge transformation after the quantization (1.1). So A µ (y) are NC U(1) gauge fields and the coordinates x µ (y) in (1.10)
will play a special role since they are gauge covariant [18] as well as background independent [19] . It is straightforward to get the relation between ordinary and NC field strengths from the identity (1.4): 12) where NC electromagnetic fields are defined by
The Jacobian of the coordinate transformation y → x = x(y) is obtained by taking the determinant on both sides of Eq.(1.4)
(1.14)
In addition one can show [8] that the DBI action (1.8) turns into the NC gauge theory with the semiclassical field strength (1.13) by expanding the right-hand side with respect to 1/(κBh −1 ) around the background B or by expanding the left-hand side with respect to 1/(κF g −1 ) and using the relations (1.12) and (1.14). Note that both expansions are likewise perturbative expansions in the decoupling limit in [13] as we explained in the footnote 2. The above argument clarifies why the dynamics of NC gauge fields can be interpreted as the fluctuations of geometry described by the metric (1.9). We may identify ∂x α /∂y µ ≡ e α µ (y) with vielbeins on some manifold M by regarding h µν (y) = e α µ (y)e β ν (y)g αβ as a Riemannian metric on M. The embedding functions x µ (y) in (1.10), which are now dynamical fields, subject to the equivalence relation, x µ ∼ x µ + δx µ , defined by the gauge transformation (1.11), coordinatize the quotient space | ≪ 1, in the sense keeping field strengths (without restriction on their size) but not their derivatives. We will discuss their generalizations in the coming sections. This paper is organized as follows.
In section 2, we will revisit the equivalence between ordinary and NC DBI actions shown by Seiberg and Witten [13] . We will show that the exact Seiberg-Witten (SW) maps in Eqs.(1.12) and (1.14) are the direct consequence of the equivalence after a simple change of variables between open and closed strings as was shown in [20, 21] . This argument illuminates that higher order terms in Eq.(1.2) correspond to derivative corrections O( √ κ∂F ) in the DBI action (1.5). The leading fourderivative corrections were completely determined by Wyllard [22] . We will argue that the SW map with derivative corrections should be obtained from the Wyllard's result by the same change of variables between open and closed string parameters. Since our main goal in this paper is to elucidate the relation between NC gauge theory and gravity, we will not explicitly check the identities so naturally emerging from well-established relations. Rather they could be regarded as our predictions. According to the correspondence between NC gauge theory and gravity, it is natural to expect that the derivative corrections could give rise to higher order gravity, e.g., R 2 gravity.
In section 3, we will newly derive the SW map for the derivative corrections in the context of deformation quantization [23, 24, 25] . The deformation quantization provides a noble approach to reify the concepts such as the Darboux and the Moser stability theorems. For example, the SW maps, Eq.(1.12) and Eq.(1.14), result from the equivalence between the star products ⋆ ω ′ and ⋆ ω defined by the symplectic forms ω ′ = B + F (x) and ω = B, respectively [15, 26] . In a seminal paper, M. Kontsevich proved [25] that every finite-dimensional Poisson manifold M admits a canonical deformation quantization. Furthermore he proved that, changing coordinates, one obtains a gauge equivalent star product. This was explicitly checked in [27] by making an arbitrary change of coordinates, y µ → x µ (y), in the Moyal ⋆-product and obtaining the deformation quantization formula up to the third order. This result is consistent with the SW map with derivative corrections in section 2. After inspecting the basic principle of deformation quantization, we put forward a conjecture that the emergent gravity from NC electromagnetism corresponds to a nonlinear realization G/H of the diffeomorphism group. It becomes obvious that the emergent gravity (if any) is in general a quantum deformation of the diffeomorphism symmetry (1.4), so meeting a framework of NC gravity [28] . (See also a review [5] .) In section 4, we will explore the equivalence between NC U(1) instantons and gravitational instantons found in [2, 3] to illustrate the correspondence of NC gauge theory with gravity. The emergent gravity from NC spacetime proves so remarkable a feature that self-dual NC electromagnetism nicely fits with the twistor space describing curved self-dual spacetime [29, 30] . This construction, which closely follows the results on N = 2 strings [31, 32] , will clarify how the deformation of symplectic (or Kähler) structure on IR 4 due to the fluctuation of gauge fields appears as that of complex structure of the twistor space [1] . We observe that our construction is completely in parallel with topological D-branes on NC manifolds [33] , suggesting a possible connection with the generalized complex geometry [34] .
In section 5, we will generalize the equivalence in section 4 using the background independent formulation of NC gauge theories [13, 19] and show that self-dual electromagnetism in NC spacetime is equivalent to self-dual Einstein gravity [1] . In the course of the construction, it becomes obvious that a framework of NC gravity is in general needed in order to incorporate the full quantum deformation of diffeomorphism symmetry. This section will also serve to uncover many details in [1] . In particular, we will discuss in detail the twistor space structure inherent in the self-dual system in [1] .
Finally, in section 6, we will raise many open issues in the emergent gravity from NC electromagnetism and speculate possible implications for the correspondence between NC gauge theory and gravity.
Derivative Corrections and Exact SW Map
We revisit here the equivalence between NC and ordinary gauge theories discussed in [13] . First let us briefly recall how NC gauge theory arises in string theory. The coupling of an open string attached on a Dp-brane to massless backgrounds is described by a sigma model of the form
where string worldsheet Σ is the upper half plane parameterized by −∞ ≤ τ ≤ ∞ and 0 ≤ σ ≤ π and ∂Σ is its boundary. The Λ-symmetry (1.6), which underlies the emergent gravity, is obvious by rewriting relevant terms into form language, Σ B + ∂Σ A, as a simple application of Stokes' theorem. We leave the geometry of closed string backgrounds fixed and concentrate, instead, on the dynamics of open string sector. To be specific, we consider flat spacetime with the constant Neveu-Schwarz B-field. So we regard the last term in Eq.(2.1) as an interaction with background gauge fields and define the propagator in terms of free fields y µ (τ, σ) subject to the boundary conditions
where the worldsheet fields x µ (τ, σ) were simply renamed y µ (τ, σ) to compare them with another free fields satisfying different boundary conditions, e.g., g µν ∂ σ x ν | ∂Σ = 0. The propagator evaluated at boundary points [13] is
where ǫ(τ ) is the step function. Here
5)
(2.6)
They are related via the following relation
The metric G µν has a simple interpretation as the effective metric seen by the open strings while g µν is the closed string metric. Furthermore the parameter θ µν can be interpreted as the noncommutativity in a space where the embedding coordinates on a Dp-brane describe the NC coordinates (1.3). For a moment we will work in the approximation of slowly varying fields at the string scale, in the sense of neglecting derivative terms, i.e., √ κ| ∂F F | ≪ 1, but of no restriction on the size of field strengths relative to the string scale. Nevertheless, the field strength can vary rapidly in a low energy field theory as long as the wavelength of the variation is much larger than the string scale. In this limit the open string effective action on a D-brane was shown to be given by the DBI action [35] . Seiberg and Witten, however, showed [13] that an explicit form of the effective action depends on the regularization scheme of two dimensional field theory defined by the worldsheet action (2.1).
The difference between different regularizations is always in a choice of contact terms, leading to the redefinition of coupling constants which are spacetime fields. So theories defined with different regularizations are related by the field redefinitions in spacetime.
In the worldsheet path integral defined by the action (2.1), the usual infinities in quantum field theory arise, and the theory has to be regularized. Using the propagator (2.3) with a point-splitting regularization [13, 36] where different operators are never at the same point, the spacetime effective action is expressed in terms of NC gauge fields and has the NC gauge symmetry on the NC spacetime defined by Eq.(1.3). In this description, the analog of Eq.(1.5) is
The action depends on the open string variables G µν , θ µν and G s , where the θ-dependence is entirely in the ⋆-product in the NC field strength
The DBI action (2.8) is definitely invariant under B µν x ν . The worldsheet action is then given by
Now we regard the second part as the boundary interaction and define the propagator with the first part with the boundary condition g µν ∂ σ x ν | ∂Σ = 0, resulting in the usual Neumann propagator.
The sigma model path integral using the Neumann propagator with Pauli-Villars regularization, for example, preserves the ordinary gauge symmetry of open string gauge fields [13] . In this case, the spacetime low energy effective action on a single Dp-brane, which is denoted as S(g s , g, A, B) to emphasize the background dependence, is given by the DBI action (1.5). Note that the effective action is expressed in terms of closed string variables g µν , B µν and g s .
Since the commutative and NC descriptions arise from the same open string theory depending on different regularizations and the physics should not depend on the regularization scheme, one may expect that
If so, the two descriptions should be related each other by a spacetime field redefinition. Indeed, Seiberg and Witten showed the identity (2.12) and also found the transformation, the so-called SW map, between ordinary and NC gauge fields in such a way that preserves the gauge equivalence relation of ordinary and NC gauge symmetries [13] . The equivalence (2.12) can also be understood as resulting from different path integral prescriptions [37, 38] based on the Λ-symmetry as we discussed above. First of all, the equivalence (2.12) determines the open string coupling constant G s from the fact that for F = F = 0 the constant terms in the actions using the two set of variables are the same:
. (2.13)
As was explained in [13] , there is a general description with an arbitrary θ associated with a suitable regularization that interpolates between Pauli-Villars and point-splitting. This freedom is basically coming from the Λ-symmetry that the gauge invariant combination of B and F in the open string theory is F = B + F . Thus there is a symmetry of shift in B keeping B + F fixed. Given such a symmetry, we may split the B-field into two parts and put one in the kinetic part and the rest in the boundary interaction part. By taking the background to be B or B ′ , we should get a NC description with appropriate θ or θ ′ , and different F 's. Hence we can write down a differential equation that describes how A(θ) and F (θ) should change, when θ is varied, to describe equivalent physics [13] :
An exact solution of the differential equation (2.15) in the Abelian case was found in [26, 39, 20, 21] . The freedom in the description just explained above is parameterized by a two-form Φ from the viewpoint of NC geometry on the D-brane worldvolume. In this case the change of variables is given by
16)
The effective action with these variables are modified to
For every background characterized by B, g µν and g s , we thus have a continuum of descriptions labeled by a choice of Φ. So we end up with the most general form of the equivalence for slowly varying fields, i.e., √ κ| ∂F F | ≪ 1: 19) which was proved in [13] using the differential equation (2.15) and the change of variables, (2.16) and (2.17).
The above change of variables is independent of dynamical gauge fields and so one can freely use them independently of local dynamics. Using the relations (2.16) and (2.17) between open and closed string parameters, we can use the same string variables for two different descriptions [20] . For example, we get from Eq.(2.16)
where
The equivalence (2.19), using the identity (2.20), immediately leads to the dual description of the NC DBI action via the exact SW map [20, 21] 
Note that the commutative action in Eq.(2.22) is exactly the same as the DBI action obtained from the worldsheet sigma model using ζ-function regularization scheme [38] . The equivalence (2.22) was also proved in [40] in the framework of deformation quantization. One can expand both sides of Eq.(2.22) in powers of κ. O(1) implies that there is a measure change between NC and commutative descriptions which is exactly the same as Eq.(1.14). In other words, the coordinate transformation, y µ → x µ (y), between commutative and NC descriptions depends on the dynamical gauge fields. Since the identity (2.22) must be true for arbitrary small κ, substituting Eq.(1.14) into Eq.(2.22) clearly leads to the relation (1.12), but now for the NC field strength (2.9). We thus see that the embedding coordinates x µ (y) in the commutative description are always defined by (1.10) independently of the choice Φ. This is consistent with the fact [19] that the covariant coordinates x µ (y) are background independent.
So far we have ignored derivative terms containing ∂ n F . However the left hand side of Eq. (2.22) contains infinitely many derivatives from the star commutator in F which might generate such derivative terms, though we had taken the ordinary product neglecting a potential NC ordering. So we need to carefully look into the identity (2.22) to what extent the equivalence holds. In fact it is easily inferred from the SW map in [41] that the left hand side of Eq.(2.22) contains infinitely many higher order derivative terms. The derivative corrections are coming from F (n,m) µν for n < m with the notation in [41] (see the figure 1 and section 3.2). This was also expected from the previous argument related to the SW map (1.12) which does not incorporate any derivative corrections and precisely corresponds to F (n,n) µν in [41] . As we discussed there, Eq.(1.12) is the SW map for the semi-classical field strength (1.13) and the DBI action (1.8) is equivalent to the semi-classical DBI action [8] where field strengths are given by (1.13) rather than (2.9). It is thus obvious that the equivalence (2.22) is still true with the semi-classical field strength (1.13) in the approximation of slowly varying fields.
So there exist more terms with derivative corrections on the right hand side of Eq.(2.22) if one insists to keep the NC field strength (2.9). To find the derivative corrections systematically, however, one has to notice that there are another sources giving rise to them. The NC description has two dimensionful parameters, θ and κ, which control derivative corrections. The parameter κ takes into account stringy effects coming from massive modes in worldsheet conformal field theory, as indicated in Eq.(2.8), while the noncommutativity parameter θ does the effects of NC spacetime in worldvolume field theory. Which one becomes more important depends on a scale we are probing.
We are interested in the Seiberg-Witten limit [13] , κ → 0 keeping fixed all open string variables. In this limit,
, using the metric G µν in the background independent scheme, i.e., Φ = −B in Eq.(2.16), for definiteness. This implies that the noncommutativity effects in the SW limit are predominant compared to stringy effects (see the footnote 2). So we will neglect the stringy effects such as O( √ κ D F ) in Eq.(2.8) [42] . But we have to keep κ F since F could be arbitrarily large. The stringy corrections O( √ κ D F ) in NC gauge theory have been discussed in several papers [43] based on the SW equivalence between ordinary and NC gauge theories. An intriguing fact is that translations in NC directions are basically gauge transformations, i.e., e ik·y ⋆ f (y) ⋆ e −ik·y = f (y + k · θ). This immediately implies that there are no local gauge-invariant observables in NC gauge theory [44] . It turns out that NC gauge theories allow a new type of gauge invariant objects, the so-called open Wilson lines, which are localized in momentum space [45] . Attaching local operators which transform adjointly under the gauge transformations to an open Wilson line also yields gauge invariant operators [44] . For example, the NC DBI action carrying a definite momentum k is given by
where W (y, C k ) is a straight Wilson line with momentum k with path C k and L ⋆ is defined as smearing the operators along the Wilson line and taking the path ordering with respect to ⋆-product. We refer [26] for more informations useful for Eq.(2.23). The DBI action (2.18) corresponds to S k=0 Φ without regard to the NC ordering. Let us now turn to the commutative description. Unlike the NC case, there is only one dimensionful parameter, κ, to control derivative corrections. So the derivative corrections due to θ and κ in NC gauge theory all appear as stringy corrections from the viewpoint of commutative description and they are intricately entangled. The derivative correction to the DBI action (1.5) has been calculated by Wyllard [22] using the boundary state formalism and it is given by
where G µν is a non-symmetric metric defined by (2.20) and G µν is its inverse, i.e.,
may be interpreted as the Riemann tensor for the nonsymmetric metric G µν and
as the Ricci tensor [22] . As we reasoned before, the SW equivalence between ordinary and NC gauge theories has to be general regardless of a specific limit under our consideration. So this should be the case even after including derivative corrections in ordinary and NC theories. Let us denote these corrections by ∆S DBI and ∆ S DBI , respectively. The SW equivalence in general means that
We already argued that we will neglect the NC correction ∆ S DBI in the SW limit. We will discuss later to what extent we can do it. The equivalence (2.26) in this limit then reduces to [42] 
Recall that the exact SW map (2.22) was obtained by the equivalence (2.19) with the simple change of variables between open and closed string parameters defined by Eqs.(2.16) and (2.17) . This change of variables should be true even with derivative corrections since they are independent of local dynamics. As illustrated in Eq.(2.22), the description of both DBI actions in terms of the same string variables has provided a great simplification to identify SW maps. Thus we will equally use the open string variables for the derivative corrections in Eq.(2.24), where the metric G µν will be replaced by Eq.(2.20). Since we are commonly using the open string variables for both descriptions, the SW limit in (2.27) simply means the zero slope limit, i.e. κ → 0. So it is straightforward to extract the SW maps with derivative corrections by expanding both sides of Eq.(2.27) in powers of κ.
Though the general case with Φ does not introduce any complication, we will work in the background independent scheme where Φ = −B = −1/θ, for definiteness. In this case, the metric G µν has a simple expression
where we have introduced an effective metric g µν induced by dynamical gauge fields such that
which will play a special role in our later discussions. (Unfortunately we have abused many metrics, (g, G, h, G, g). We hope it does not cause many confusions in discriminating them.) Noting that gθ −1 = B + F with Eq.(1.4), one can see that the effective metric g µν is not independent of the induced metric h µν in Eq.(1.9) but related as follows: 
This map constitutes a generalization of the previous measure transformation (1.14). Our result is an exact map for the case with fourth-order derivatives since it includes all powers of gauge fields and the parameter θ. This identity has been perturbatively checked up to some nontrivial orders in [42, 46, 47] with perfect agreements. 5 Let us consider the next order SW map. Before going to O(κ) corrections, we have to check to what extent the approximation (2.27) could be valid, in other words, what order the leading derivative corrections, ∆ S DBI , start with. Since the commutative and NC descriptions arise from the same open string theory depending on different regularizations, it is natural to expect that both descriptions share the same structure, namely, the form invariance [50] . It is then obvious that the leading correction, ∆ S DBI , in the NC gauge theory starts with O(κ 4 ) as the commutative one. So we can safely believe the approximation (2.27) up to O(κ 3 ). Beyond that, we have to take into account ∆ S DBI [43] . In order to find higher order SW map, it is enough to expand the metric G −1 in powers of κ:
with g t = (1 + θF ). We keep θ in the second term without cancelation with the denominator since it will be combined with F µν in the Riemann tensor to make g µν . After straightforward calculation, we 4 Although we use the momentum space representation for the manifest gauge invariance, the actual comparison with the commutative description is understood to be made in coordinate space using the formula (2.16) in [26] . 5 Here we would like to put forward an interesting observation. It was well-known [48] that the leading derivative corrections in bosonic string theory start with two-derivatives, whose exact result including all orders in F was recently obtained in [49] . Thus, if we were adopted the bosonic result with an assumption that the NC part (2.23) were common for both theories (that would be wrong), we would definitely be on a wrong way. So the perfect agreement in the identity (2.31) is quite surprising since Eq.(2.23) already singles out the superstring result prior to the bosonic one, though that was a priori not clear. It was also shown in [47] that the result in [49] for the bosonic string is not invariant under the SW map. All these seem to imply that the bosonic string needs to incorporate an effect of tachyons from the outset both in commutative and in NC descriptions, as suggested in [47] . See Mukhi and Suryanarayana in [39] for a relevant discussion.
(2.34)
Note that the Ricci tensor part in Eq.(2.24) gives no contribution since S µ 1 µ 2 = 0. But this part will contribute to O(κ 2 ). We see that the left hand side (and also the first line of the right hand side) of Eq.(2.34) identically vanishes since Tr G −1 F = 0. Thus the identity (2.34) implies that the right hand side must be a total derivative. We will not check it but leave it as our prediction. We note that the commutative description after the SW map can be solely expressed in terms of g µν (also by rewriting
More important consequence of Eq.(2.34) is the following. Let us take the metric G µν out from the integration on both sides. Since Eq.(2.34) is an identity valid for any arbitrary G µν , the coefficients of G µν must be equal too. Then the left hand side has the form
We can thus derive the exact SW map of Eq.(2.35) from the coefficient of G µν on the right hand side, up to fourth-order derivative. We will not give the explicit form since it is rather lengthy but directly readable from Eq.(2.34). This map has to correspond to the inverse of the exact (inverse) SW map
which was conjectured in [26] and immediately proved in [39] . As we argued above, we can continue this procedure using the expansion (2.33) up to O(κ 3 )
without including ∆ S DBI . At each step, we get exact SW maps including all powers of gauge fields and θ µν . Up to our best knowledge, this was never achieved even in the O(1) result (2.31). (But see [40] for a formal solution based on the Kontsevich's formality map.) Such a great simplification is due to the use of the same string variables using the formula (2.20), originally suggested in [20] . So let us ponder upon possible sources to ruin the conversion relations (2.16) and (2.17). If quantum corrections are included, the effect of renormalization group flow of coupling constants might be incorporated into Eq.(2.17). But this is only true for asymmetric running of a dilaton field in commutative and NC theories, which seems not to be the case. Another source may be a possibility that gauge field dynamics modifies either g µν , G µν or θ µν , themselves. As was explained in the previous section and will be shown later, the dynamics of gauge fields induces the deformation of background geometry, but this kind of modification is entirely encoded in g µν or h µν , as indicated in Eq. 
Deformation Quantization and Emergent Geometry
In classical mechanics, the set of possible states of a system forms a Poisson manifold. 6 The observables that we want to measure are the smooth functions in C ∞ (M), forming a commutative (Poisson) algebra. In quantum mechanics, the set of possible states is a projective Hilbert space H. The observables are self-adjoint operators, forming a NC C * -algebra. The change from a Poisson manifold to a Hilbert space is a pretty big one. A natural question is whether the quantization such as Eq.(1.1) for general Poisson manifolds is always possible with a radical change in the nature of the observables. The problem is how to construct the Hilbert space for a general Poisson manifold, which is in general highly nontrivial. Deformation quantization was proposed in [23] as an alternative, where the quantization is understood as a deformation of the algebra of classical observables. Instead of building a Hilbert space from a Poisson manifold and associating an algebra of operators to it, we are only concerned with the algebra A to deform the commutative product in C ∞ (M) to a NC, associative product. In flat phase space such as the case we have considered up to now, it is easy to show that the two approaches have one to one correspondence (1.2) through the Weyl-Moyal map [7] . Recently M. Kontsevich answered the above question in the context of deformation quantization [25] . He proved that every finite-dimensional Poisson manifold M admits a canonical deformation quantization and that changing coordinates leads to gauge equivalent star products. We briefly recapitulate his results which will be crucially used in our discussion.
Let A be the algebra over IR of smooth functions on a finite-dimensional
, a formal power series in with coefficients in C ∞ (M) = A, given by the following formula for
where 
the bracket {·, ·} :
is a skew-symmetric bilinear map satisfying 1) Jacobi identity: {f, {g, h}} + {g, {h, f }} + {h, {f, g}} = 0 and 2) Leibniz rule: {f, gh} = g{f, h} + {f, g}h, ∀f, g, h ∈ C ∞ (M ).
Poisson manifolds appear as a natural generalization of symplectic manifolds where the Poisson structure reduces to a symplectic structure if θ is nongenerate.
transformations A → A parameterized by ). If D( ) = 1 + n≥1 n D n is such an automorphism where D n : A → A are differential operators, it acts on the set of star products as
. This is evident from the commutativity of the diagram
We are interested in star products up to gauge equivalence. This equivalence relation is closely related to the cohomological Hochschild complex of algebra A [25] , i.e. the algebra of smooth polyvector fields on M. For example, it follows from the associativity of the product (3.1) that the symmetric part of B 1 can be killed by a gauge transformation which is a coboundary in the Hochschild complex, and that the antisymmetric part of B 1 , denoted as B
In fact, any Hochschild coboundary can be removed by a gauge transformation D( ), so leading to the gauge equivalent star product (3.2). The associativity at O( 2 ) further constrains that α must be a Poisson structure on M, in other words, [α, α] SN = 0, where the bracket is the Schouten-Nijenhuis bracket on polyvector fields (see [25] for the definition of this bracket and the Hochschild cohomology). Thus, gauge equivalence classes of star products modulo O( 
modulo the action of the group of formal paths in the diffeomorphism group of M, starting at the identity diffeomorphism. 
defines an associative product. If we change coordinates, we obtain a gauge equivalent star product. The formula (3.5) has a natural interpretation in terms of Feynman diagrams for the path integral of a topological sigma model [51] .
The simplest example of a deformation quantization is the Moyal product (1.
is not yet available but can be perturbatively computed by the prescription given in [25] . Up to the second order, this formula can be written as follows We copy the result in [27] for completeness and for our later use.
and S abc is given by
The differential operator in the gauge transformation (3.2) necessary for obtaining Eqs.(3.7) and (3.8) is the following
is the Moyal star product (1.2) but after a change of coordinates it becomes equivalent to the general Kontsevich star product (3.6) up to the gauge equivalence map (3.10), thus checking the Theorem 2.3. Also notice that
since O( 2 ) is symmetric with respect to f ↔ g.
Since the map (3.10) is explicitly known, we can now solve the gauge equivalence (3.2). First let us represent the coordinates x µ (y) as Eq.(1.10) to study its consequence from gauge theory point of view. The equivalence (3.2) immediately leads to [15, 40, 52] 8
where the left hand side is the Moyal product (1.2). As a check, one can easily see that Eq.(3.12) is trivially satisfied if Eqs.(3.8) and (3.10) are substituted for the right hand side with = 1. Note that Eq.(3.12) is an exact result since the higher order terms in Eq.(3.11) identically vanish. By our construction, the new Poisson structure
belongs to the same equivalence class as constant θ µν = (1/B) µν , but now depends on dynamical gauge fields. As it should be, Eq.(3.12) reduces to Eq.(1.12) at the leading order, but it definitely 7 We have to scale ϑ ij → 13) further imply that the deformation quantization is a quantum deformation of the diffeomorphism symmetry (1.4). Since NC gravity is based on a quantum deformation of the diffeomorphism group Dif f (M) [28, 5] , we expect the emergent gravity (if exists) might be a NC gravity in general. We will find further evidences for this connection.
As was shown in [26, 40] , using the exact SW map (3.12) together with (2.16) and (2.17), it is possible to prove the SW equivalence (2.19), or more generally, Eq.(2.26). Conversely, we showed in section 2 that the SW maps (1.12) and (1.14) directly result from the SW equivalence (2.22), which are, as we checked above, a direct consequence of the gauge equivalence (3.2) between the star products ⋆ ω ′ and ⋆ ω defined by the symplectic forms ω ′ = B + F (x) and ω = B, respectively. One can thus claim that the SW equivalence (2.26) is just the statement of the gauge equivalence (3.2) between star products [15, 40, 52] . We would like to point out some beautiful picture working in these arguments. First note that the diffeomorphism symmetry corresponds to a deformation of symplectic (or more generally Poisson) structures within a gauge equivalence class as illustrated in Eq.(3.7). This is precisely the statement of Theorem 1.1. However it is important to notice, as we argued in section 1, that the origin of the gauge equivalence (3.2) is from the Λ-symmetry (1.6) and the local deformation of the symplectic structure is induced by the dynamics of gauge fields who live in NC spacetime (1.3), as explicitly shown in (3.13). Thus the dynamics of gauge fields appears as the local deformation of symplectic structures but the local deformation always belongs to the same gauge equivalence class so it can entirely be translated into the diffeomorphism symmetry. This is the statement of Theorem 2.3.
But notice that not all diffeomorphism does deform the symplectic structure. For example, if the diffeomorphism is generated by a vector field X λ satisfying L X λ B = 0, i.e. X λ ∈ Ham(M), it does not change α µν = iθ µν /2. It is natural to expect that the vector field X λ ∈ Ham(M) is related to gauge transformation A → A + dλ since Eq.(3.13) is not changed under this gauge transformation. It is easy to show [8, 15, 52, 40] using the deformation quantization scheme that this is the case.
Recall the argument about the Moser stability theorem in section 1. Consider two symplectic forms ω ′ and ω such that ω ′ − ω = dA. Then there is a flow φ generated by a vector field X such that φ * (ω ′ ) = ω. Consider now a gauge transformation A → A + dλ. The effect upon the vector field X is X → X + X λ where X λ ∈ Ham(M) since it should satisfy ι X λ ω + dλ = 0. The action of X λ on a smooth function f is given by X λ (f ) = {λ, f } and, upon quantization (
Note that the gauge equivalence (3.2) is defined up to the following inner automorphism [15] 
The above similarity transformation definitely does not change star products. For f ( ) = x µ (y), Eq.(3.14) or (3.15) is equal to the NC gauge transformation (2.10) with the definition λ(
This is a quantum deformation of Eq.(1.11).
In summary, the U(1) gauge symmetry is realized as the symplectomorphism Ham(M) on a symplectic manifold M and, upon quantization (3.1), it appears as the inner automorphism (3.14), which is the NC U(1) gauge symmetry.
A natural and important question is how we could distinguish the two symplectic structures ω ′ = B + F (x) and ω = B, if the Λ-symmetry (1.6) were an exact gauge symmetry even for a vacuum and so they had belonged to the exact gauge equivalence class. But we know well that the physical configuration space of (NC) gauge theory is nontrivial. Consistently, as we argued in section 1, the Λ-symmetry is spontaneously broken to the symplectomorphism H = Ham(M) since the background (1.7) is defined by a specific symplectic structure ω = B. We have shown that the Λ-symmetry is mapped to G = Dif f (M) via Eq.(1.4) and H = Ham(M) is realized as the NC U(1) gauge symmetry. Thus we can differentiate fluctuating gauge fields from the background defining the NC spacetime (1.3). This is a usual spontaneous symmetry breaking in quantum field theory, but for the infinite-dimensional diffeomorphism symmetry [17] . Now we are fairly ready to speculate a whole picture about emergent gravity from NC spacetime. The NC U(1) gauge theory defined by (1.5) and (2.18) which are physically equivalent respects the Λ-symmetry (1.6) since the underlying sigma model (2.1) clearly respects this symmetry. The Λ-symmetry is mapped to G = Dif f (M) via Eq.(1.4) and is realized as the NC gauge equivalence (3.2) after quantization. But the vacuum manifold (1.3) preserves only the symplectomorphism H = Ham(M), which is originated from the original U(1) gauge symmetry and is realized as the NC U(1) gauge symmetry after quantization. The embedding functions x µ (y) in (1.10), which are dynamical fields, define a quantum deformation from y µ , a vacuum expectation value specifying the background (1.7), along a vector field X ∈ Dif f (M). (We will be sloppy not to distinguish the group Dif f (M) and its Lie algebra LDif f (M) since it does not cause any confusion.) But the gauge symmetry (3.14) introduces an equivalence relation between the dynamical coordinates x µ (y). The embedding functions x µ (y) subject to the equivalence relation x µ ∼ x µ + δx µ can thus serve as good coordinates on the quotient space G/H = Dif f (M)/Ham(M). Therefore each gauge equivalence class defined by Eq.(3.2) takes values in G/H or more rigorously the quantum deformation of G/H, which is equivalent to the gauge orbit space of NC gauge fields, i.e., the physical configuration space of NC gauge theory. According to the Goldstone's theorem [16] for the symmetry breaking G → H, massless particles, the so-called Goldstone bosons should appear which are dynamical variables taking values in the quotient space G/H. Since G is the diffeomorphism symmetry, we assert that the order parameter emerging from a nonlinear realization G/H should be in general a spin-2 graviton [17] . If the conjecture is true, the gravitational fields e which results in an emerging geometry. It should be very important to completely determine the structure of emergent gravity based on the framework of the nonlinear realization G/H [17] (including a full quantum deformation). Unfortunately this goes beyond the present scope (and our ability). Instead we will confirm the conjecture by considering the self-dual sectors for ordinary and NC gauge theories. We will see that so beautiful structures about gravity, e.g. the twistor space [29] , naturally emerge from this construction. Since the emergent gravity seems to be very generic if the conjecture is true anyway, we believe that the correspondence between self-dual Einstein gravity and self-dual NC electromagnetism is enough to strongly guarantee the conjecture.
NC Instantons and Gravitational Instantons
To illustrate the correspondence of NC gauge theory with gravity, we will explore in this section the equivalence between NC U(1) instantons in Euclidean IR 4 and gravitational instantons found in [2, 3] .
To make the essence of emergent gravity clear as much as possible, we will neglect the derivative corrections and consider the usual NC description with Φ = 0. The semi-classical approximation, or slowly varying fields, means that we simply take G = Dif f (M) and H = Ham(M) only with the Poisson bracket (1.1). But we have demonstrated in the previous sections that the derivative corrections correspond to the quantum deformations of G and H with the star products. In next section we will consider the effect of derivative corrections using the background independent formalism of NC gauge theory [13, 19] , namely, with Φ = −B. This section will be mostly a mild extension of the previous works [2, 3] with more focus on the emergent gravity and the relation to the twistor space. Let us consider electromagnetism in the NC spacetime defined by Eq. (1.3) . The action for the NC U(1) gauge theory in flat Euclidean IR 4 is given by
Contrary to ordinary electromagnetism, the NC U(1) gauge theory admits non-singular instanton solutions satisfying the NC self-duality equation [53] ,
When we consider NC instantons, the ADHM construction depends only on the combination µ a = θ µν η (±)a µν [13, 54] for anti-self-dual (ASD) (with + sign) and self-dual (SD) (with -sign) instantons where η (+)a µν = η a µν and η (−)a µν =η a µν are three 4 × 4 SD and ASD 't Hooft matrices [2] . If the instanton is ASD, the ADHM equation then gets a nonvanishing deformation, which puts a non-zero minimum size of NC instantons. In this case, the small instanton singularities are eliminated and the instanton moduli space is thus non-singular [53] . However, if the instanton is SD, the deformation is vanishing. Thus the small instanton singularity is not eliminated and the instanton moduli space is still singular. The so-called localized instantons in this case are generated by shift operators [55] .
As was explained in section 2, the NC gauge theory (4.1) has an equivalent dual description through the SW map in terms of ordinary gauge theory on commutative spacetime [13] . Applying the maps (1.12) and (1.14) to the action (4.1), one can get the commutative nonlinear electrodynamics [56, 20, 21] equivalent to Eq.(4.1) in the semi-classical approximation,
where the effective metric g µν was defined in Eq.(2.29). It was shown in [2] that the self-duality equation for the action S C is given by
with the definition (2.21). Note that Eq.(4.4) is nothing but the exact SW map (1.12) of the NC self-duality equation (4.2). 10 Here we would like to correct a false statement, Proposition 3.1 in [57] , stating that the terms of order n in θ in the NC Maxwell action (4.1) via SW map form a homogeneous polynomial of degree n + 2 in F without derivatives of F , to remove a disagreement with existing literatures, especially, with [41] . See the comments in page 11. The proposition is also inconsistent with our general result about derivative corrections in section 2 and 3. This disagreement was recently pointed out in [58] . The proposition was based on a wrong observation that the derivation acting on the θ's appearing in the star product always gives rise to total derivatives. That is not true in general. For example, let us consider the following derivation with respect to θ µν :
where f, g, h ∈ C ∞ (M ) are rapidly decaying functions at infinity and are assumed to be θ-independent. The above derivation cannot be rewritten as a total derivative. If it were the case, it would definitely imply a wrong result:
. This is not true for the triple or higher multiple star product.
A general strategy was suggested in [2] to solve the self-duality equation (4.4 
where f a 's are arbitrary functions. Then the equation (4.4) is automatically satisfied. Next, solve the field strength F µν in terms of F ± µν :
Substituting the ansatz (4.5) into Eq.(4.6), we get
µν , for SD case, (4.7)
For the ASD case (4.8), we get the instanton equation in [13] (see also [61] ) 10) while, for the SD case (4.7),
Interestingly, using the inverse metric
Eq.(4.9) can be rewritten as the self-duality in a curved space described by the metric g µν
(4.12) 11 One can rigorously show that the smooth function φ for the ASD case (4.8) satisfies the inequality, 0 ≤ φ ≤ 1. The proof is done by noticing that
since the left-hand side is negative definite unless zero and φ is definitely non-negative.
It is interesting to compare this with the SD case (4.11). It should be remarked, however, that the selfduality in (4.12) cannot be interpreted as a usual self-duality equation in a fixed background since the four-dimensional metric used to define Eq.(4.12) depends in turn on the U(1) gauge fields.
It is well-known that there is no nontrivial solution to (A)SD equation in ordinary U(1) gauge theory. Since the SD instanton satisfies Eq.(4.11), the exact SW map of localized instantons is thus either trivial or very singular. This result is consistent with [62] . Fron now on, we thus focus on the ASD instantons.
Finally, impose the Bianchi identity for F µν ,
since the field strength F µν is given by a (locally) exact two-form, i.e., F = dA. In the end one can get general differential equations governing U(1) instantons [2] . The equation (4.13) was explicitly solved in [2, 13] for the single instanton case. It was found in [2] that the effective metric (2.29) for the single U (1) instanton is related to the Eguchi-Hanson (EH) metric [59] , the simplest asymptotically locally Euclidean (ALE) space, given by
where σ i are the left-invariant 1-forms of SU (2), satisfying dσ i + ε ijk σ j ∧ σ k = 0. The metric (4.14) can be transformed to the Kähler metric form (4.2) in [2] by the following coordinate transformation [60] : The EH metric (4.14) has curvature that reaches a maximum at the 'origin' ̺ = t, falling away to zero in all four directions as the radius ̺ increases. The apparent singularity in Eq.(4.14) at ̺ = t (which is the same singularity appearing at r = 0 in the instanton solution [2, 13] ) is only a coordinate singularity, provided that ψ is assigned the period 2π rather than 4π (where σ z = 1 2 (dψ + cos θdφ)). Since the radial coordinate runs down only as far as ̺ = t, there is a minimal 2-sphere S 2 of radius t described by the metric t 2 (σ 2 x + σ 2 y ). This degeneration of the generic three dimensional orbits to the two dimensional sphere is known as a 'bolt' [63] . As we mentioned above, the NC parameter ζ in the gauge theory settles the size of NC U(1) instantons and removes the singularity of instanton moduli space coming from small instantons. The parameter ζ is related to the parameter t 2 in the EH metric (4.14) as t 2 = ζ t 2 with a dimensionless constant t and so to the size of the 'bolt' in the gravitational instantons [2] . Unfortunately, since ̺ = t corresponds to the origin r = 0 of the embedding coordinates, this nontrivial topology is not visible in the gauge theory description, as was pointed out in [64] . However, we see that the dynamical approach where the D-brane worldvolume is regarded as a dynamical manifold embedded in the spacetime, as in Eq.(1.9), reveals the nontrivial topology of the D-brane submanifold. It would be useful to briefly summarize the work [64] since it seems to be very related to ours although explicit solutions are different from each other (see section 4.2 in [64] ). Braden and Nekrasov constructed U(1) instantons using the deformed ADHM equation defined on a commutative space X. They showed that the resulting gauge fields are singular unless one changes the topology of the spacetime and that the U(1) gauge field can have a non-trivial instanton charge if the spacetime contains non-contractible two-spheres. They thus argued that U(1) instantons on NC IR 4 correspond to non-singular U(1) gauge fields on a commutative Kähler manifold X which is a blowup of I C 2 at a finite number of points. Also they speculated that the manifold X for instanton charge k can be viewed as a spacetime foam with b 2 ∼ k. Now let us show the equivalence in [3] between U(1) instantons in NC spacetime and gravitational instantons. In other words, Eq.(4.2) and so Eq.(4.4) describe gravitational instantons obeying the SD equations [65] 
where R abcd is a curvature tensor. The instanton equation (4.9) can be rewritten using the metric (2.29) as follows
with detg µν = g 11 g 33 − (g ) and g 12 = g 34 = 0 identically. We will show that Eq.(4.18) reduces to the so-called complex Monge-Ampère equation [66] or the Plebañski equation [67] , which is the Einstein field equation for a Kähler metric [3] .
To proceed with the Kähler geometry, let us introduce the complex coordinates and the complex gauge fields
In terms of these variables, Eq.(4.9) are written as
21)
where [68] .) One can easily see that the metric g µν is a Hermitian metric [3] . That is,
be the Kähler form, then the Kähler condition is d̟ = 0, or, for all i, j, k,
The Kähler condition (4.25) is then equivalent to the Bianchi identity (4.13) since
Thus our metric g ij is a Kähler metric and thus we can introduce a Kähler potential K defined by
The Kähler potential K is related to the integrability condition of Eq.(4.21) (defining a holomorphic vector bundle):
Let us rewrite g µν as
Then, from Eq.(4.18), one can easily see that
Note that the metric g µν is also a Kähler metric:
The relation det g µν = (det g ij ) 2 definitely leads to the Ricci-flat condition
Therefore the metric g µν is both Ricci-flat and Kähler, which is the case of gravitational instantons [3] . For example, if one assumes that K in Eq.(4.31) is a function solely of
can be integrated to give [60] 
This leads precisely to the EH metric (4.14) after the coordinate transformation (4.15). We thus confirmed that the instanton equation (4.9) is equivalent to the Einstein field equation for Kähler metrics.
It is interesting to notice that the gravitational instanton metric is g µν but the U(1) curvature F µν is (A)SD with respect to the metric g µν rather than g µν as shown in Eq.(4.12) . Incidentally, as we observed in section 2, the metric g µν is rather a natural variable appearing in the commutative description.
The above arguments can be elegantly summarized as the hyper-Kähler condition in the following way [3] . Let us consider the line element defined by the metric g µν
It is easy to check that
, in other words, det g µν = 1. We then introduce the triple of Kähler forms as follows,
One can easily see that
It is obvious that d ω a = 0, ∀a. This means that the metric g µν is hyper-Kähler [3] , which is an equivalent statement as Ricci-flat Kähler in four dimensions. Let us stop here for a moment to see how dynamical gauge fields living in NC spacetime induce a deformation of background geometry through gravitational instantons, thus realizing the emergent geometry we claimed before. We see that, if we turn off either gauge fields or noncommutativity (to be precise, a commutative limit ζ → 0), we simply arrive at flat IR 4 . But, if we turn on both gauge fields and noncommutativity (both are needed), the background geometry, say flat IR 4 (actually the flat IR 4 is also emergent from the homogeneous background B µν field), is nontrivially deformed, and
we finally arrive at a curved manifold M. Now we will show that the equivalence of NC instantons with gravitational instantons perfectly fits with the geometry of the twistor space describing curved SD spacetime. This construction, which closely follows the results on N = 2 strings [31, 32] , will clarify how the deformation of symplectic (or Kähler) structure on IR 4 due to the fluctuation of gauge fields appears as that of complex structure of the twistor space Z [1] . Consider a deformation of the holomorphic (2,0)-form ω = dz 1 ∧ dz 2 as follows
where the parameter t takes values in IP 1 . Note that Ω is a (1,1) form due to Eq.(4.21). One can easily see that dΨ(t) = 0 due to the Bianchi identity dF = 0 and
since Eq.(4.38) is equivalent to the instanton equation (4.9). Since the two-form Ψ(t) is closed and degenerate, the Darboux theorem (our old friend) asserts that one can find a t-dependent map
When t is small, one can solve (4.39) by expanding Z i (t; z,z) in powers of t as
By substituting this into Eq.(4.37), one gets at O(t) ,
When t is large, one can introduce another Darboux coordinates Z i (t; z i ,z i ) such that
with expansion
One can get the solution (4.37) with p
The t-dependent Darboux coordinates Z i (t; z,z) and Z i (t; z,z) correspond to holomorphic coordinates on two local charts, where the 2-form Ψ(t) becomes the holomorphic (2,0)-form, of the dual projective twistor space Z as a fiber bundle over S 2 with a fiber M, a hyper-Kähler manifold. Here we regard t as a parameter of deformation of complex structure on M. The coordinate charts can be consistently glued together along the equator on
and so the complex structure is extended over Z. Therefore the Darboux coordintates are related by a tdependent symplectic transformation on an overlapping coordinate chart as f i (t; Z(t)) = t Z i (t) [32] .
In this way, the data of the Kähler potential K are encoded into the complex structure over Z [69] . The above construction is strikingly similar to topological D-branes on NC manifolds in [33] (see also [70] ) which can be understood in terms of generalized complex geometry [34] . Especially, see section 6 of the first paper in [33] where Eq.(6) correspond to our (4.9) or (4.43). This coincidence might be expected at the outset since the generalized complex geometry is a generalized concept to incorporate symplectic structures together with usual complex structures (see the footnote 2) and the emergent gravity is basically based on a quantum deformation of symplectic structures. We will more exploit this relation in [71] .
NC Self-duality and Twistor Space
In section 4, we ignored derivative corrections whose explicit forms are given in section 2 and 3. Furthermore we used the usual NC description with Φ = 0, which is not background independent, i.e., θ-dependent [19] . As a result, we separately considered two kinds of NC instantons; NekrasovSchwarz instantons [53] and localized instantons [55] . In particular, it turned out that the SW map of localized instantons generated by shift operators is trivial, i.e., F ± µν = 0 [62] , not to probe the geometry by localized instantons. (This may be an artifact of the semi-classical approximation.) Therefore the background independent formulation of NC gauge theory [13, 19] is more desirable to have a unified description for all possible backgrounds and to implement a possible effect of derivative corrections.
In this section, we will generalize the equivalence in section 4 using the background independent formulation of NC gauge theories and show that SD electromagnetism in NC spacetime is equivalent to SD Einstein gravity, uncovering many details in [1] . In particular, we will discuss in detail the twistor space structure inherent in the SD system in [1] . As a great bonus, the background independent formulation clearly reveals a picture that the NC gauge theory and gravity correspondence may be understood as a large N duality.
To see this picture, consider the SW map (2.22) at O(κ 2 ) for the general case with Φ
Although the right hand side is neglecting derivative corrections, we will now use the full NC field strength (2.9) to examine the derivative corrections and we are implicitly using a general property [5] ; f ⋆ g = f g. Later on, we will use only the left hand side. The exact SW map for the background independent case is obtained from Eq.(5.1) with Φ = −B where B µν = (1/θ) µν :
where we made a replacement [7] . The covariant, background-independent coordinates x µ [18, 19] are defined by (1.10) and they are now operators on an infinite-dimensional, separable Hilbert space H, which is the representation space of the Heisenberg algebra (1.3). The NC gauge symmetry in Eq.(5.2) then acts as unitary transformations on H, i.e.,
This NC gauge symmetry U cpt (H) is so large that U cpt (H) ⊃ U(N) (N → ∞) [11] . In this sense the NC gauge theory in Eq.(5.2) is essentially a large N gauge theory. Note that the first expression in Eq.(5.2) is a large N version of the IKKT matrix model which describes the nonperturbative dynamics of type IIB string theory [72] . The identity in Eq.(5.2) definitely shows that fluctuations F by NC photons around the background B are mapped to fluctuations of geometry on commutative spacetime through the SW map, as we have constantly advertised. Now let us apply the gauge equivalence of star products in Eq.(3.2) or Eq.(3.7) for the adjoint action of x µ with respect to star product:
where f ≡ D( ) −1 (f ). If f = x ν , we recover Eq.(3.12). As expected, at the semi-classical limit,
i.e., O( ), the adjoint action of x µ with respect to star product reduces to a vector field V µ ∈ T M on some emergent four manifold M: (3.10) . But it is important to notice the following properties (see the footnote 6), where we use the operator notation using the Weyl-Moyal map (1.2) for definiteness
These properties show that [x µ , · ] ⋆ still generally satisfy the property of vector fields or Lie derivatives even after quantum deformation. (Also note that D µ ≡ −iB µν x ν is a covariant derivative in NC gauge theory.) Indeed it was already defined in terms of twisted diffeomorphisms [28, 5] , where a vector field on IR d becomes a higher-order differential operator acting on fields in A. We thus naturally expect that the right hand side of Eq. has also been introduced in the context of NC gravity [28, 5] . The appearance of NC gravity framework in our context might not be so surprising. We observed in section 3 that the emergent gravity is essentially originated from a quantum deformation of diffeomorphism symmetry (1.4) . In other words, the Darboux theorem in symplectic geometry can be regarded as the equivalence principle in general relativity, but in general we need a quantum version of the equivalence principle since we now live in the quantum phase space (1.3). Actually, this is an underlying principle of NC gravity [28] . We will more clarify in [71] the emergent gravity from the viewpoint of NC gravity.
Let us now return to the semi-classical limit O( ). In this limit,
This is precisely the limit in section 4 that NC electromagnetism reduces to Einstein gravity for the (A)SD sectors. Note that NC gauge fields A µ (y) are in general arbitrary, so they generate arbitrary vector fields V µ ∈ T M according to the map (5.8) and [
where the right-hand side is the Lie bracket between vector fields in T M. (Compare this with Eq.(5.7).) Note that the gauge transformation (5.3) naturally induces coordinate transformations of vector fields
This leads to a consistent result [1] that the gauge equivalence due to (5.3) corresponds to the diffeomorphic equivalence between the vector fields V µ .
Let us look for an instanton solution of Eq.(5.2). Since the instanton is a Euclidean solution with a finite action, the instanton configuration should approach a pure gauge at infinity. Our boundary condition is F µν → 0 at |y| → ∞ for the instanton configuration. Thus one has to remove a part due to backgrounds from the action in Eq.(5.2). One can easily achieve this by defining the self-duality equation as follows
We don't care about V µ and V µ , they are the same object. (But it may be helpful to notice that x µ behave as fiber coordinates in tangent bundle T M while y α as local ones.) From the above definition, it is obvious that the constant part in for an arbitrary non-degenerate θ µν and we will see there is no need to specify a background, an advantage of background independent formulation. The self-duality equation (5.10) leads that an instanton number is proportional to ε 4 (V 1 , V 2 , V 3 , V 4 ) for a fixed volume form ε 4 , which is by definition topological. Therefore this quantity is not changed under a smooth deformation. It is so obvious that the vector fields preserve the volume form ε 4 , i.e., L Vµ ε 4 = 0, where L Vµ is the Lie derivative along V µ . Incidentally, this is simply the Liouville theorem in symplectic geometry [6] . But this is also easy to see that all the vector fields V µ are divergence free, i.e. ∂ α V α µ = 0, in the semi-classical limit (5.8) and so trivially preserve the volume form ε 4 . In other words, instanton configurations are mapped to the volume preserving diffeomorphism, SDif f (M), satisfying Eq.(5.10).
So we arrive at the result of Ashtekar et al. [73] . Their result is summarized as follows [74] . Let M be an oriented 4-manifold and let V µ be vector fields on M forming an oriented basis for T M.
Then V µ define a conformal structure [g] on M. Suppose that V µ preserve a volume form on M and satisfy the self-duality equation 12) where the background spacetime metric was taken as g µν = δ µν for simplicity. Motivated by the similarity to the self-duality equation of Yang-Mills theory, Mason and Newman showed [75] that the SD Einstein equations are equivalent to the reduced, SD Yang-Mills equations when the gauge group is the volume preserving diffeomorphisms. 12 Their result implies that, if we have a reduced Yang-Mills theory where the gauge fields take values in the Lie algebra of SDif f (M), Yang-Mills instantons are actually equivalent to gravitational instantons. See also related works [76, 77] . We showed that this is the case for NC electromagnetism. We would like to emphasize that our current result also settles a long-standing issue that the IKKT matrix model [72] is a theory of gravity (or type IIB string theory). See also recent works [78] addressing this issue from IKKT matrix model. At first sight, it may be difficult to be convinced how so simple self-dual system (5.11) could describe the self-dual Einstein gravity. Therefore it should be helpful to have explicit nontrivial examples to appreciate how it works. It is not difficult to find them from Eq.(5.11), which was already done for the Gibbons-Hawking metric [79] in [74] and for the real heaven solution [80] in [81] .
The Gibbons-Hawking metric [79] is a general class of self-dual, Ricci-flat metrics with the triholomorphic U(1) symmetry which describes a particular class of ALE and asymptotically locally flat (ALF) instantons. Let (a i , U), i = 1, 2, 3, are smooth real functions on IR 3 and define
, where τ parameterizes circles and the Killing vector ∂/∂τ generates the triholomorphic U(1) symmetry. Eq.(5.11) then becomes the equation ∇U + ∇ × a = 0 and the metric whose inverse is (5.12) is given by
The real heaven metric [80] describes four dimensional hyper-Kähler manifolds with a rotational Killing symmetry which is also completely determined by one real scalar field [82] . The vector fields V µ in this case are given by [81] 
where the rotational Killing vector is given by c i ∂ i ψ∂/∂τ with constants c i (i = 1, 2) and the function ψ is independent of τ . Eq.(5.11) is then equivalent to the three-dimensional continual Toda equation 
The canonical structures, in particular, complex and Kähler structures, of the self-dual system (5.11), have been fully studied in a beautiful paper [83] . The arguments in [83] are essentially the same as ours leading to Eq.(4.43). It was also shown there how the Plebañski's heavenly equations [67] could be derived from Eq.(5.11). It should be interesting to recall [84] that Eq.(5.11) can be reduced to the sdif f (Σ g ) chiral field equations in two dimensions, where sdif f (Σ g ) is the area preserving diffeomorphisms of a Riemann surface of genus g. Now we will study in detail the structure of twistor space inherent in Eq.(5.11). We will copiously use the results in [83] with far-reaching applications to NC electromagnetism. Our discussion will be restricted only to the SD case of Eq.(5.11).
Define holomorphic vector fields V and W locally by 
the SD Einstein equations (5.11) are more compactly written as
with the volume preserving constraint
Eq.(5.20) can be interpreted as a Lax pair form of curved SD spacetime.
It is easy to see that Eq.(5.17) defines a hyper-Kähler structure on M. We construct a t-dependent two-form Ψ(t) on M by contracting the volume form ε 4 by L and N
Note that we need the property (5.20) to make sense of Eq.(5.22). The two-form Ψ(t) in (5.22) is an exact analogue of Eq.(4.37) and the resulting consequences are exactly parallel to section 4. Nevertheless it will be useful to understand parallel arguments with section 4 for this purely geometrical setting since it seems to be very powerful for later applications. It is straightforward to prove (see Eq. (8) in [83] ) using the Cartan's homotopy formula L X = ι X d + dι X that Ψ(t) is closed, i.e., dΨ(t) = 0. We see from the proof that Eq.(5.21) is analogous to the Bianchi identity. We thus have on M the three non-degenerate symplectic forms . But they can be consistently patched along the equator of IP 1 in such a way that the total space Z, the twistor space, including IP 1 becomes a three-dimensional complex manifold as we explained in section 4 following [32] . We know from Eq.(5.23) that Ω is rank 4 while ω andω are both rank 2. As a direct consequence, we universally get Eq.(4.43) [83] . In terms of local coordinates, it reduces to the complex MongeAmpère equation [66] or the Plebañski equation [67] . It is quite suggestive to notice that
Since Ω in Eq.(5.23) always serves as a symplectic form on both coordinate charts (note that it is rank 4), two sets of coordinates at t = 0 and t = ∞ should be related to each other by a canonical transformation. A beautiful fact was shown in [83] that the canonical transformation between them is generated by the Kähler potential appearing in the complex Monge-Ampère equation or the Plebañski equation. In other words, the Kähler potential is a generating function of canonical transformations or a transition function of three-dimensional complex manifold Z as a holomorphic vector bundle [30] . Finally we would like to discuss an interesting fact that Eq.(5.11) can be reduced to sdif f (Σ g ) chiral field equations in two dimensions [84] . We will directly show using canonical transformations that the Husain's equation [84] (where we denote Λ x = ∂ x Λ, Λ xq = ∂ x ∂ q Λ, etc.)
is equivalent to the first heavenly equation [67] , which is a governing equation of self-dual Einstein gravity. This implies that the self-dual system (5.11) is deeply related to two dimensional SU(∞) chiral models [76, 77] . An interesting implication of this connection will be briefly discussed in next section.
Although the first heavenly equation was also obtained in [84] by a different reduction from Eq.(5.11), an explicit canonical transformation between them was not available there. In the course of derivation, we will find a very interesting symplectic structure of Eq.(5.11) which was also noticed in [85] from a different approach. Ours is more direct.
By complex coordinates, u = x + iy, v = q + ip, Eq.(5.25) reads as
We will now apply a similar strategy as the Appendix in [86] . Define two functions A = Λ u and B = Λū. Eq.(5.26) is then equivalent to
Instead of looking on A as a function of (u, v,ū,v), we take A as a coordinate and look on f ≡ū and g ≡ B as functions of (ξ
. This is a canonical transformation which is well-defined as long as Aū = 0. It is convenient to denote coordinates by ξ A ,ξ A , A = 1, 2 for compact notation and to use the antisymmetric tensors ǫ AB and ǫÃB to raise indices in a standard way, e.g. 
Discussion
Let us briefly recapitulate our main results. The fundamental bases for emergent gravity are the Λ-symmetry (1.6) which is as large as Dif f (M) and the Darboux theorem in symplectic geometry. Combining these two immediately leads to an interpretation of the Λ-symmetry as a diffeomorphism symmetry in the sense of Eq.(1.4). That is, the Darboux theorem is the equivalence principle in symplectic geometry. The spontaneous symmetry breaking (1.7) as a physical input also comes into play. The emergent gravity is simply a consequence of interplay between all these players. But this interplay is defined on NC spacetime (1.3), so we need its quantum deformation in general. In this context, the gauge equivalence (3.2) in deformation quantization might be interpreted as a quantum equivalence principle. We have derived several exact SW maps with derivative corrections from the SW equivalence (2.27) and from the deformation quantization (3.2), independently. But they should be the same since the SW equivalence (2.26) is the equivalent statement of the gauge equivalence (3.2) as we definitely showed in the semi-classical limit. It should be interesting, in its own right, to explicitly check the consistency between two different approaches for the derivative corrections.
We showed in section 4 and 5 that the SD Einstein gravity is coming from semi-classical SD electromagnetism neglecting derivative corrections, i.e., Dif f (M) defined with the Poisson bracket (1.1). We thus expect that the derivative corrections give rise to higher order gravity, e.g., R 2 gravity.
It should be important to precisely determine the form of the higher order gravity. Since the emergent gravity is a full quantum deformation of Dif f (M), it in general might be a NC gravity [28] . If this is the case, the SW maps in section 2 and 3 including derivative corrections may be related to those of NC gravity. Our construction in section 4 and 5 also implies that we need a quantum deformation of twistor space [87] to describe general nonlinear gravitons in NC gravity. Recently, it was found [88] that NC field theory is invariant under the twisted Poincaré symmetry where the action of generators is now defined by the twisted coproduct in the deformed Hopf algebras. We think that the twisted Poincaré symmetry, especially the deformed Hopf algebra and quantum group structures, will be important to understand the NC field theory and gravity correspondence since underlying symmetries are always an essential guide for physics. Actually this symmetry plays a prominent role to construct NC gravity [28, 5] Unlike the homogeneous background (1.7), there could be an inhomogeneous condensation of B-fields in a vacuum. In this case, we expect a nontrivial curved spacetime background, e.g., a Ricci-flat Einstein manifold instead of flat IR 4 and we need a quantization on general symplectic (or Poisson) manifolds [5] . Our approach suggests an intriguing picture for an inhomogeneous background, for example, specified by B ′ µν (x) vac = (θ ′ −1 ) µν (x). (6.1)
We can regard B ′ µν (x) as coming from an inhomogeneous gauge field condensation on a constant B µν background, say, B ′ µν (x) = (B + F back (x)) µν . For instance, if F back (x) is an instanton, we showed that the vacuum manifold (6.1) is a Ricci-flat Kähler manifold. From NC gauge theory point of view, this is exactly the description of NC gauge theory in instanton backgrounds [89] . Therefore the NC gauge theory with nontrivial NC parameters θ ′ µν (x) corresponds to that defined by the usual Moyal star product (1.2) but around a nonperturbative solution described by F back (x). The gravity picture in this case corresponds to a (perturbative) NC gravity on curved manifolds, e.g., hyper-Kähler manifolds for NC instanton backgrounds. It will be interesting to see whether this reasoning can shed some light on NC gravity. Recently we suggested in [90] a very simple toy model for emergent gravity. We claimed that (2+1)-dimensional NC field theory for a real scalar field in large NC limit θ → ∞ is equivalent to two dimensional string theory. See [91] for a field theory discussion from this aspect. This claim is based on the well-known relation [92] Real scalar field on NC IR 2 (or Σ g ) ⇐⇒ N × N Hermitian matrix at N → ∞, (6.2) where Σ g is a Riemann surface of genus g which can be quantized via deformation quantization.
In two dimensions, a symplectic 2-form ω is a volume form and Hodge-dual to a real function. So symplectomorphism is equal to area-preserving diffeomorphism. (In higher dimensions, symplectomorphism is much smaller than volume-preseving diffeomorphism.) Noting that the electromagnetic 2-form F acts as a deformation of the symplectic (or Kähler) structure (see Eq.(4.36)), it is natural to guess that the real scalar field plays the same role in NC two dimensions. Since we observed in section 5 that the Kähler potential behaves as a generating function of canonical transformations, it is also plausible that the real scalar field is a generating function of area-preserving diffeomorphisms and acts as a Kähler potential. We hope to discuss this interesting correspondence in a separate publication. In section 5, we showed that the Husain's equation (5.25) is equivalent to the first heavenly equation (5.32). Here we note that Eq.(5.25) is the SU(N) SD Yang-Mills equation in the limit N → ∞ [93] , which implies that SU(N → ∞) Yang-Mills instantons are gravitational instantons too. This interesting fact is also coming from the relation (⇐=) in (6.2) since gauge fields in SU(N) YangMills theory on IR 4 are all N × N Hermitian matrices, and thus they can be mapped to real scalar fields on a six-dimensional space IR 4 × Σ g . This seems to imply that the AdS/CFT duality [94] might be deeply related to the NC field theory and gravity correspondence. In order to more deeply understand the nature of emergent gravity in this paper, it is useful to consider couplings with matter fields. To do this, we have to know the SW maps for currents and energy-mometum tensors for matter fields. These were obtained in [95] at leading order. It turned out [56, 21] that the gravitational coupling with matter fields is not universal unlike as general relativity. It deserves to ask more study, especially for experimental verifications.
The emergent gravity from NC gauge theory discussed in this paper may have interesting implications to string theory and black-hole physics. We briefly discuss possible implications citing relevant literatures.
It was argued [96] that tachyon condensation at the fixed points of noncompact nonsupersymmetric orbifolds, e.g. I C 2 /Γ, drives these orbifolds to flat space or supersymmetric ALE spaces. But it was shown [2, 3] that ALE spaces are U(1) instantons in flat NC IR 4 . Does it imply that the closed string tachyon condensation in this case can be understood only in terms of open string tachyon condensation ? The picture in [97] may be useful for this problem. Microscopic black hole entropy in string theory [98] is derived by counting the degeneracy of BPS soliton bound states, mostly involved with instanton moduli space. If we simply assume that the instanton moduli space is coming from NC U(1) instantons, then the counting of the degeneracy is just the counting of all possible hyper-Kähler geometries inside the black hole horizon, according to our picture. This is very reminiscent of the Mathur's program for black hole entropy [99] .
We showed that the equivalence between NC U(1) instantons and gravitational instantons could be beautifully understood in terms of the twistor space. We think that the equivalence and its twistor space structure should have far-reaching applications to Nekrasov's instanton counting [100] and topological strings for crystal melting [101] .
